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The pseudogap effect of underdoped high-Tc superconductors is studied in the U(1) gauge theory
of the t-J model including the spinon pairing fluctuation. The gauge fluctuation breaks the long
range correlation between the spinon pairs. The pairing fluctuation, however, suppresses significantly
the low-lying gauge fluctuations and leads to a stable but phase incoherent spin gap phase which
is responsible for the pseudogap effects. This quantum disordered spin gap phase emerges below a
characteristic temperature T ∗ which is determined by the effective potential for the spinon pairing
gap amplitude. The resistivity is suppressed by the phase fluctuation below T ∗, consistent with
experiments.
The normal state behavior of high-Tc cuprates has cast
doubt on the conjecture that correlated electron metals
are Fermi liquids in the absence of symmetry breaking.
One anomalous feature which is difficult to understand
is the spin gap or pseudogap behavior [1] observed in un-
derdoped materials. This phenomenon was first observed
in the NMR measurement [2,3] of deoxygenated YBCO,
which showed that both the spin susceptibility and the
nuclear spin-lattice relaxation rate were suppressed be-
low some temperature above Tc, indicating an opening
of a spin excitation gap. This anomalous behavior of
underdoped materials also manifests itself in the resis-
tivity [4,5], Hall coefficient [7], specific heat [8,9], optical
properties [6], inelastic neutron scattering [17], and other
thermodynamic or transport quantities [10,11].
At present there is no consensus as to the correct the-
ory of the pseudogap effect. One interpretation is that
the pseudogap is the energy gap of pre-formed Cooper
pairs [18,19], and phase fluctuations in the underdoped
regime prevent these pairs condensing until it has reached
some lower temperature. This type of theory gives a qual-
itative account for the similarity between the pseudogap
and the superconducting gap. But it is not clear if the
phase fluctuation is really strong enough to surpress Tc
by one order of magnitude in the extremely underdoped
limit.
A different interpretation is given by the resonant va-
lence bond mean field theory [21,22] based on the notion
of charge-spin separation: electrons separate into spinons
and holons, spinons have spin but no charge, holons have
charge but no spin. In this theory, the spinons are pre-
dicted to form singlet pairs well above the superconduct-
ing Tc, with superconductivity setting in only when the
holons become phase coherent at Tc. This theory pro-
vides a qualitative description of the high-Tc phase di-
agram [21,22]. However, the spin gap phase is unstable
against the fluctuation of the U(1) gauge field [20], which
is introduced to enhance the constraints of no double oc-
cupancy.
In this paper, we study the effect of the spinon pair-
ing fluctuation on the physical properties of the spin gap
phase in the U(1) gauge theory of the t-J model. we pro-
pose that instead of the mean field spinon pairing phase
with long range phase conference, a local pairing phase
of spinons which has no long range phase coherence will
survive under the fluctuation of U(1) gauge field because
it keeps the local U(1) symmetry. Then such a descrip-
tion can be viewed as the strong coupling version or the
microscopic origin of the nodal liquid proposed by Ba-
lents,Fisher and Nayak(BFN) [25]. The reason which
quantum disorders the d-wave pairing state is attributed
to the fluctuation of U(1) gauge field, which is absent
in BFN’s theory. Since the U(1) gauge field is added
to insure the local constrain in t-J model, the quantum
disordering of the spinon pairing state is also a result
of the local constrain. Firstly, the spinon pairing state
should be regarded as the mean field description of the
RVB state. In such a description the phase of the pairing
order parameter is fixed, because the phase operator is
conjugate to the particle number operator, the fluctua-
tion of the occupy number will be infinitive due to the
uncertainty principle. Since actually this kind of fluctu-
ation is very small in Under doped regime because of the
local constrain, when we go beyond the mean field theory
by considering the fluctuation of the U(1) gauge field it is
quite reasonable to have a result with large uncertainty
in the phase and small uncertainty in the occupy number.
Then the instability problem of the spinon pairing phase
is physically caused by the local constrain and should be
cured by disordering the phase of the order parameter.
After integrating out the spinon and holon operators,
we obtain an effective action for the gauge and pairing
fields S = S∆+SA. Then the total action is S = Sφ+SA.
The effective action for the gauge field [20,23] is given
by
SA = T
2
∑
iνn
∫
d2q
(2π)2
Πµν(q, iνn)A
µ
qA
ν
−q, (1)
where Aµ is the U(1) gauge field. The inverse of the
gauge field propagator is [23]
Πµν(q, ν) = χdq
2 − iγF ν/q, (2)
1
where γF = 2ne/kF and χd = χF + χB. χF and χB are
the Landau diamagnetic susceptibilities of spinons and
holons, respectively.
In order to treat the fluctuation of pairing order param-
eter, we assume that the dynamics of the spinon pairing
order parameter is described by an effective Ginsburg-
Landau theory [24] with a minimal coupling with the
gauge field, namely
S∆ =
∫
dx
[
κ˜µ∆
∗(x) (∂µ −Aµ(x))2∆(x) + α|∆|2 + β|∆|4
]
,
(3)
where κ˜0 =
1
2m∗c2 , κ˜1,2 =
1
2m∗ , m
∗ and c are the effec-
tive mass and velocity of spinon pairs, respectively. We
further assume that α = a(T − T ∗0 ) and β is indepen-
dent of temperature. In α, a is a constant and T ∗0 is the
critical temperature of the spin gap phase without gauge
fluctuation.
In the work of Ubben and Lee [20], the phase fluctua-
tion is ignored. The energy loss due to the gauge fluctu-
ation is proportional to ∆5/3, while the energy gain from
spinon pairing is proportional to ∆2. Thus for small ∆
the first term always dominates and the phase coherent
spin gap phase is unstable. This means that to study the
pseudogap phase in the U(1) gauge model, the pairing
phase fluctuation should be considered.
The spinon pairing field ∆(x) =
√
ρe−iϕ contains both
the amplitude and the phase fluctuations. When T ≪
T ∗0 , the amplitude fluctuation is massive and can there-
fore be omitted. However, when T ≃ T ∗0 , the amplitude
fluctuation is important. If we assume that ρ(x) varies
slowly in both time and space, then S∆ is approximately
given by
S∆ ≈
∫
d3x
[
1
2
κµ(x) (∂µϕ(x)−Aµ(x))2 + αρ(x) + βρ(x)2
]
,
(4)
where κµ(x) = ρ(x)κ˜µ. To treat the phase fluctuation
properly, we introduce the duality transformation, fllow-
ing reference [25]. The phase variable ϕ is generally mul-
tivalued and ∂µϕ(x) is not curl-free. Thus there are vor-
tices in the ϕ field and the cure of ∂µϕ(x) defines a vor-
tex current operator jvµ = ǫµνλ∂ν∂λϕ. To treat these
vortices, a commonly used approach is to introduce a fic-
titious gauge field aµ, which is dual the phase variable ϕ,
via the equation
κµ(∂µϕ−Aµ) = ǫµνλ∂νaλ. (5)
Substituting the solution of ϕ from the above equation
to the definition of the vortex current, one can relate aµ
to the vortex current operator
jvµ = ǫµνλ∂ν
[
κ−1λ ǫλαβ∂αaβ +Aλ
]
. (6)
In the dual representation of ϕ, vortices are treated as
quantized particles and represented by a complex field
Φ [25]. A dual Lagrangian of ϕ with minimal coupling
between aµ and Φ can be constructed as
Lϕ = ǫµνλ 1
2κµ(x)
(∂νaλ − ∂λaµ)2 + ǫµνλaµ∂νAλ
+
κµ(x)
2
|(∂µ − iaµ)Φ|2 − V2Φ2, (7)
where the higher order terms of Φ are ignored. From
the equation of motion of Lϕ, it can be shown that this
Lagrangian has the desired property of the vortex cur-
rent defined above. The bare mass of the vortex field V2
depends on the superfluid density of spinon pairing ρ(x)
and can be estimated as follows. Close to the transition
temperature T ∗0 , the excitation energy of a single static
vortex is approximately equal to EV ≈
√
2V2/κ0. From
the GL theory, we know that EV is also proportional to
the spinon superfluid density ρ(x) [26] if we assume the
spinon superconductivity is also type II, i.e. EV = gρ(x)
and g is a constant. Thus V2 is approximately equal to
V2 ≈ 1
2
g2ρ2κ0 =
g2
4m∗c2
ρ(x)3, (8)
The highest power of aµ in Lϕ is 2. aµ can therefore
be rigorously integrated out from the Lagrangian. This
leads to a self energy correction to the propagator of the
gauge field Aµ:
Π′µν(q,q
′, ν) = Πµν(q, ν)δq,q′ +
qµq
′
ν
1
2
∑
k κ0(k)Φ
2(−k + q′ − q) .
(9)
By further integrating out the gauge field A, an effec-
tive actioin for the Φ(x) and ρ(x) fields is obtained as
[20]
S [Φ(x), ρ(x)] ≈ −f0
[
1 +
1∫
d2x12χdκ0(x)Φ
2(x)
]
−
2
3
+
∫
d2x
[
V2Φ
2(x) + αρ(x) + βρ(x)2
]
, (10)
where−f0 is the free energy of the system without spinon
pairing.
In the dual language, a phase incoherent state corre-
sponds to a superfluid state of vortices with < Φ >=
Φ0 6= 0 [25]; while a long range phase correlated state
corresponds to a normal state of vortices with < Φ >= 0.
Thus to investigate the property of a quantum disor-
dered spin gap phase, only the superfluid phase of vor-
tices needs be considered. In this case the vortex field
has a finite energy in its low-lying excitations, we can
therefore take a saddle point approximation for the Φ
field. The saddle point Φ0 is determined by the equation
δS [Φ(x), ρ(x)] /δΦ(x) = 0. In the small Φ(x) limit and
2
using the slow varying condition of both κ0(x) and Φ(x),
the equation becomes
− 4
3
f0
[
1
2
χdκ0(x)
] 2
3
Φ
1
3
0 (x) + 2V2(x)Φ0(x) = 0, (11)
Due to the presence of the first term, Φ(x) = 0 can
not be the stable solution, which indecate that for any
given configration of ρ(x) the effect of U(1) gauge field
fluctuation will cause the condensation of vortice. In the
description before duality, this means the quantum disor-
der phase is always more stable than the ordered phase.
The spinons become ”superconducting” when χ′d → ∞,
then in our approach the pseudo gap phase is the mid-
dle state between the strange metal phase in which χ′d
keeps constant with the decrement of temperature and
the mean field pairing phase with infinitive χ′d. At the
same time, the phase transition at T ∗0 predicted by the
mean field theory becomes a crossover temperature T ∗
below which the local minimum in the effective potential
of ρ moves away from zero.
Since the saddle point of Φ(x) is actually very large in
small ρ case, we must consider the saddle point equation
in the large Φ(x) limit which leads to
Φ20(x) =
√
4f0
3κ0(x)χdV2(x)
= 4m∗c2
√
f0
3g2χd
ρ−2(x).
(12)
It can be shown that this quantum disorder phase is
more stable than the ordered phase. In the BFN’s the-
ory, the condensation of vortices is obtained by assuming
V2 < 0. In our case, however, V2 is always positive and
the condensation of vortices is caused by the U(1) gauge
field fluctuation. In the superconducting phase, the U(1)
gauge field is screened by the superfluid of holons, we
find that Φ0(x) = 0.
Taking the saddle point approxiamtion for the Φ field
in S [Φ(x), ρ(x)], we then find the effective potential for
the pairing gap amplitude
S [ρ(x)] ≈ −f0 +
∫
dx
[
(α + α0)ρ+ βρ
2
]
. (13)
where α0 = 2
√
g2f0/3χd is assumed to be weakly tem-
perature dependent. The α0 term is the contribution of
the gauge fluctuation. An important property revealed
by this equation is that the contribution from the gauge
fluctuation to the free energy is proportional to ρ, rather
than ρ5/6 as for the case in which the phase fluctua-
tion vanishes. This means that the gauge fluctuation
is greatly suppressed by the phase fluctuation. Since the
contributions from both the gauge fluctuation and the
pairing condensation are now proportional to ρ, the spin
gap phase is therefore stable below a characterizing tem-
perature
T ∗ = T ∗0 −
α0
a
, (14)
which is the solution of the equation (α+ α0)|T=T∗ = 0.
Well below T ∗, ρ becomes finite and its fluctuation can
be omitted. In this case, the system we study is similar
to the ““Nodal Liquid Phase” of BFN [25]. The only dif-
ference is that in our model the local pairs are not formed
by electrons but by spinons.
The phase fluctuation modifies the Landau diamag-
netic susceptibility. Under the saddle point approxima-
tion, the renormalized Landau diamagnetic susceptibility
is approximately given by
χ′d ≈ χd+ <
(
1
2
κ0Φ
2
0
)
−1
>= χd(1 + u < ρ >), (15)
where u =
√
3g2/χdf0 and < ρ >=
∫
∞
0 dρρe
−(α+α0)ρ−βρ
2
kBT
In the gauge theory, the electronic resistivity R(T ) is
determined by the the transport scattering rate of holons
τ−1B . In the strange metal phase above T
∗, τ−1B is deter-
mined by the Landau diamagnetic susceptibility χd : [23]
τ−1B ≈
kBT
mBχd
. (16)
Since χd = χF+ χb is mainly determined by χF which is
nearly temperature independent, R(T ) thus depends lin-
early on T in this phase. In the spin gap phase, χd in τ
−1
B
should be replaced by χ′d. Since < ρ >, and subsequently
χ′d, increases rapidly with decreasing temperature in the
spin gap phase, the temperature dependence of τ−1B is
therefore changed. Near T ∗, the deviation of R(T ) from
its high temperature linear dependence is approximately
given by
R(T )
CT
=
χd
χ′d
≈ 1− u < ρ >, (17)
where C is the slope of R(T ) at high temperatures. From
the previous result of < ρ >, we find that the leading
temperature dependence of R(T )CT calculated by us fits
well with the experimental data of Y Ba2Cu3O7−x [5] as
shown in Figure 1.
In this paper, we proposed that due to the strong fluc-
tuation of the U(1) gauge field, the proper description of
the pseudo gap phase is the quantum disordered spinon
pairing state without the Bose-condensation of holons.
The mean field spinon pairing state is proved to be in-
stable when the U(1) gauge field fluctuation is included
[20]. While in our new description beyond mean field, the
local U(1) symmetry which is broken in the mean field
pairing state restores due to the phase disorder in the
spinon pairing order parameter. Then the phase tran-
sition in the mean field description become a cross over
from weak pairing fluctuation regime (T > T ∗) to the
strong fluctuation regime (T < T ∗) in the present paper.
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We further devide the pairing fluctuation to amplitude
and phase part and treat them seperatively. By integrat-
ing out the phase fluctuation by duality transformation,
we obtain the effective potential for the amplitude. The
crossover temperature can be determined by the mini-
mum of the effective potential moving away from zero.
For the temperature much lower than T ∗, the minimum
in the effective potential is far away from zero and the
fluctuation of the amplitude is no longer be important.
Then our result is quite similar with BFN [25] except
that in our case the local pairs are formed by spinons
and the U(1) gauge field fluctuation plays a very impor-
tant role to obtain the quantum disordered phase. For
temperature near T ∗, we can calculate the slope of the
resistivity by considering the effect of amplitude fluctu-
ation and our result fits very well with the experimental
data.
Very recently Y. B. Kim and Z. Q. Wang [27] proposed
that the mean field spin gap phase can be stabilized by
strong critical fluctuation of holons. Compared with their
approach, ours works better in quite high temperature
near T ∗, where the diamagnetic susceptibility of holons
χb can be viewed as constant.
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FIG. 1. Comparison between our theoretical results of ρ(T )
CT
and the experimental data (square). The parameters used in
fitting the experimental data are T ∗ = 168K, a = 19.1, β = 975K, u = 0.67.
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